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$C_{2\pi}$ $\mathrm{R}$ $2\pi$ Banach
. $f\in C_{\mathit{2}\pi}$
$||f||_{\infty}=\mathrm{m}\mathrm{a}\mathrm{e}\mathrm{x}\{|f(t\rangle| : |t|\leq\pi\}$
. $\mathrm{N}$ , $\mathrm{N}_{0}=\mathrm{N}\cup\{0\}$ . $n\in \mathrm{N}_{0}$ ,
$n$ , $f\in C_{2\pi}$
$E_{n}(c_{2}^{\mathrm{Y}} \pi f)=\inf\{||f-g||_{\infty} : g\in \mathfrak{T}_{n}\}$
, f $?l$ . $\mathfrak{T}_{1l}$ Haar
$2n+1$ , $f\in C_{\mathit{2}\pi}$ – $g_{n}$ .
,
$E_{n}(C_{2\pi}; f)=||f-g_{l},||_{\infty}$
$g_{n}\in \mathfrak{T}_{n}$ - ( , [18; 6 , 6.1 $8|$ ).
Weierstrass $f\in C_{\mathit{2}\pi}$ , $\{E_{n}(C_{2;f)}\pi$
$n,$ $\in \mathrm{N}_{0}\}$ $0$ , f
. , f $E_{n}(c_{2\pi};f)$
$\langle$ $0$ . Jackson . ,
$E_{n}^{l}(C_{2\pi};f)$ $0$ , $f$ ( ,
, Lipschitz , \rangle . Jackson
, Bernstein .
jackson – : $r\in$ No, $0<$
$\alpha\leq 1$ . f 7’ $f^{(r)}$ \alpha Lipschitz , ,
$||f^{(r)}(\cdot-t)-f^{()}r(\cdot)||\infty=O(|t|^{C\chi})$ $(t\in \mathrm{R})$ , (1)
,
$E_{n}(C_{2\pi};f)=O( \frac{1}{n^{\alpha+r}})$ $(narrow\infty)$ . (2)
, Bernstein , $0<\alpha<1$ , (2) ( $1\rangle$ ,
$\mathrm{r}x=1$ , (2)
$||f^{(r)} \langle\cdot-t)-\int^{(r})(\cdot)||_{\infty}=O(|t\log|t||)$ $(|t|arrow+0)$
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. , $\alpha=1$ , (2)
$|| \int^{(r)}(\cdot+t)+f(r)(\cdot-\iota)-2\int(r)(\cdot\rangle||_{\infty}=O(|\iota|)$ $(t\in \mathrm{R})$
. Zygmuhd (cf. [23]).
[2], [5], [8], [9] [18] . $L_{2\pi}^{p}$ .
, $\mathrm{R}$ $2\pi$ , $(-\pi, \pi)$ $P$ Lebesgue
$\int$ Banach , f
$||f||_{p}=( \frac{1}{2\pi}\int_{-\pi}^{\pi}|\int(t)|^{p}dt)1/p$ $(1\leq p<\infty)$
(cf. $[2|,$ $[19|,$ $[21|,$ $[23|$ ). , “$O$” “$\circ$”
(cf. [9], [23]). :
– . – de
la Vall\’ee Poussin , Butzer Nessel
[3] (cf. $[6|,$ $[19|$ ). $[13]$ (cf. [12]) ,
– Baitach Fourier (cf. [4], [10], [ ], [22])
, - . , [16]
, b. . , [$17|$ .
2.
(X, $||\cdot||_{X}$ ) Banach , $B[X]$ X
$||$ . ||B Banach . $\{M_{n} : n\in \mathrm{N}_{\mathrm{O}}\}$ $X$
: $.‘.-\cdot.\cdot l’.\cdot-\dot{\sim}.i$.
(M-1) $M_{0}\subseteq M_{1}\subseteq M_{2}\subseteq\cdots\subseteq M_{n}\subseteq M_{n+1}\subseteq\cdots$ .
(M-2) $U_{n=\text{ }^{}\infty}M,\text{ }$ $X$ .
$\{c_{Jk}^{\forall}. : k, \in \mathrm{N}_{()}\}$ $D(G_{k})$
:
(G-1) $M_{r\iota}\subseteq D(G_{k})$ , $G_{k}(M_{1\iota}\rangle\subseteq M_{n}$ $(\forall n,$ $k\in \mathrm{N}_{0}\rangle$ .
(G-2) $||G_{k}(f)||_{X}\leq A_{k}n^{k}||f||_{X}$ $(\forall k\in \mathrm{N},n\in \mathrm{N}_{0}, f\in M_{n})$ .
$A_{k}$ $n$ $f$ .
$f\in X$ ,
$\Gamma_{n}\lrcorner X;\int)=\inf\{||f-g||x : g\in M_{n}\}$
, N’ f $n$, . (M-1) ,
$\Gamma_{1}^{\prec_{\ovalbox{\tt\small REJECT}}}\iota(x;f\rangle\geq E_{1\iota+1}(x;f)\geq 0$ $(n=0,1,2, \ldots)$
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, (M-2)
$\lim_{?larrow\infty}En(x;f)=0$ $(\forall f\in X)$
.
, $E_{\mathrm{n}}(X;f)$ $0$ f
. , $X\cross[0, \infty)$
$\{\omega_{k} : k\in \mathrm{N}_{0}\}$ , :
$(\omega-1)$ $k\in \mathrm{N}_{0}$ , $B_{k}$
$\omega_{k}(f, \delta)\leq Bk||\int||X$ $(\forall f\in X, \delta\geq 0)$ .
$(\omega-2)$ $\lim_{\deltaarrow+0k(f}\omega,$ $\delta)=0$ $(\forall f\in X, k\in \mathrm{N})$ .
$(\omega-3)$ $k\in \mathrm{N}_{0}$ , $C_{k}$
$\omega_{k}(f, \delta)\leq ck\delta^{k}||G_{k}(f)||x$ $(\forall f\in D(Gk), \delta\geq 0)$ .
$(\omega-4)$ $k\in \mathrm{N}_{0},$ $\delta\geq 0$ , $\omega_{k}(\cdot, \delta)$ X .
, $f\in X$ $M_{n}$ f $g_{n}$ ,
,
.
$\cdot$ :’.: $\cdot\backslash \cdots.\cdot.\cdot.\cdot$
$\exists.qn\in\Lambda T,$ :$E,(ll;fX)=||f-g,\iota^{||_{X}}$ $(\forall n\in \mathrm{N}_{0})$ .
, $g_{n}$ - .
, [ $18|$ .
$a\in \mathrm{N},$ $a\geq 2,$ $\varphi:[a, \infty)arrow[0, \infty)$ ,
$\varphi^{*}(\prime X)=\sup\{\varphi(t):x\leq t\}$ $(x\geq a)$
. , $\varphi^{*}:$ $[a, \infty)arrow[0, \infty)$
$\varphi(x)\leq\varphi^{*}(X)$ $(\forall x\geq a)$







1 ([16; Theorem 1]) $f\in x,$ $r\in \mathrm{N}0,$ $a< \min\{b, C\},$ $b\leq\sqrt{c},$ $\delta>0$ ,
$E_{n}(X;f) \leq\frac{\varphi(n)\mathrm{r}l(n)}{n^{r}}$ $(\forall n\geq a)$
112
. , . $f$ $D(G_{r})$ , . $k\in \mathrm{N}$ ,
$\omega_{k}(G_{r}(f), \delta)\leq C\{\delta^{k}\int_{a}^{a\iota_{X^{k1}\Omega}}’-(X)d_{X}$
$+\varphi^{*}(ab)$ $( \delta^{k}\int_{a}^{ac}x\Omega k-1(x)dX+\int_{c}^{\infty}\frac{\Omega(x)}{x}d_{X})\}$ .
, C $b,$ $c,$ $\delta$ .
, , $r\in \mathrm{N}0$ $f\in X$
$E_{n}^{\mathrm{r}}(X;f) \leq\frac{\varphi(n)\Omega(n)}{n^{r}}$ $(\forall n\geq a)$
. , 1 , f $D(G_{r})$ .
2 $a<b,$ $\delta>0$ . ,
$\omega_{k}(G_{r}(f), \delta)\leq C\{\delta^{k}\int_{a}^{ab}x^{k1}-\Omega(X)d_{X}$
$+\varphi^{*}(ab)$ $( \delta^{k}\int_{a}^{a.l^{2}})(x^{k}-1\Omega X)dX+\int_{b^{2}}^{\infty}\frac{\Omega(x)}{x’}dx)\}$
$\leq C\{(1+\varphi(*ab))\delta^{k}\int_{a}^{(d)}x^{k-1}\Omega(X)dx+\varphi^{*}(2ab)\int_{b^{2}}^{\infty}\frac{\mathrm{f}l(_{X)}}{x}dx\}$ .
, C $b$ $\delta$ .
1 , $c=b^{2}$ .
1\mbox{\boldmath $\zeta$} $(0, \infty)$ , $\mu>0$ . $\xi(\delta)<a^{-\mu},$ $\delta>0$ ,
$\omega_{k}.(G_{r}(f), \delta)\leq c_{\text{ }}\{\delta k\int_{a}^{a/\xi()^{1/}}\delta\mu Xk-1\Omega(x)dx$
$+ \varphi^{*}(a/\xi(\delta)1/\mu)(\delta k\int ada/\xi(\delta)^{2/}\mu X-1\Omega k(_{X})x+\int_{1/\xi \mathrm{t}\delta)}^{\infty}2/\mu d\frac{\Omega(x)}{x}x)\}$
$\leq C\{(1+\varphi(a/\epsilon(\delta)1/\mu*))\delta k\int_{a}^{a/\xi()^{2/}}x^{k-}\Omega 1(_{X})dX\delta\mu$
$+ \varphi^{*}(\mathit{0},/\xi(\delta)^{1/\mu})\int_{1/\epsilon(}^{\infty}\delta)2/\mu d\frac{\Omega(x)}{x}x\}$ .
, C $\xi,$ $\mu,$ $\delta$ . , $\lambda,$ $\mu>0,0<\delta^{\lambda}$ <a-\mu
,





, C $\lambda,$ $\mu,$ $\delta$ .
8([16; Theorem 2]) $\xi$ \mbox{\boldmath $\gamma$} $(0, \infty)$ ,







$x^{k-}. \Omega 1(x\rangle dX+\int_{1/\gamma(\delta}^{\infty})d\frac{\Omega(x)}{x}x)\}$
$(\deltaarrow+0)$ .
, $\lambda,$ $/x>0$ ,
$\omega_{k}.(G^{\gamma}r(f), \delta)\leq \mathit{0}\{\delta k\int_{a}^{a\mu|\log\delta}|x^{k1}-\Omega(X)d_{X}$
$+ \varphi^{*}(a\mu’|\log\delta|)(\delta k\int^{a}tl\int_{1}/\delta^{\lambda}\infty\frac{\Omega(x)}{x}x^{k1}-\Omega(_{\mathcal{I}}’)dx+dx)\}/\delta^{\lambda}$
$(\deltaarrow+0)$ .
, \mbox{\boldmath $\delta$} $>0$ , $b=\xi(\delta),$ $c=1/\gamma(\delta)$ , 1 .
’3. Bernstein Zygmund
,
$\Omega(x)=\frac{1}{x^{\alpha}}$ , $(\alpha>0)$ (4)
. $f\in X,$ $\uparrow\cdot\in \mathrm{N}0,$ $k\in \mathrm{N}$ ,
$E_{n}(X;f) \leq\frac{\varphi(n)}{n^{\alpha+r}}$ $(\forall n\geq a)$
. , 1 , f $D(G_{r})$ .
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4 $a< \min\{b, C\},$ $b\leq\sqrt{c},$ $\delta>0$ . ,
$\omega_{k}(c_{r}’(f\rangle, \delta)\leq c\{\frac{a^{k-\alpha}}{k-\alpha}(b^{k}-\alpha-1+\varphi^{*}(ab)(c-\alpha-k1))\delta^{k}+\frac{\varphi^{*}(ab)}{\alpha c^{\alpha}}\}$
$(k\neq\alpha)$ ;
$\omega_{k}(G_{r}(\int\rangle, \delta)\leq C\{(\log b+\varphi(*ba\rangle\log c)\delta^{k}+\frac{\varphi^{*}(ab)}{kc^{k}}\}$
$(k=\alpha)$ .
, C $b,$ $c$ , \mbox{\boldmath $\delta$} .
$\Omega(x)$ (4) . $a<d$ ,
$\int_{a}^{ad}x^{k1}-\Omega(x)d_{X=}\{$
$\frac{a^{k-\alpha}}{k-\alpha}(d^{k-\alpha}-1)$ $(k\neq\alpha)$
$\log d$ $(k=\alpha)$ ,
$\int_{c}^{\infty}\frac{\Omega(x)}{x}dx=\frac{1}{\alpha c^{\alpha}}$
, 1 .





$\omega_{k}.(G_{r}(f), \delta\rangle\leq c\{(1+2\varphi^{*}(a/\gamma \mathrm{t}\delta)))(\frac{\delta}{\gamma(\delta)})^{k}$
$+ \frac{\varphi^{*}(c\iota/\gamma(\delta))}{k}\gamma^{k}(\delta)\}\gamma(k\delta\rangle|\log\gamma(\delta)|$








$\omega_{k}(G_{r}(f), \delta)\leq c\{((1+2\varphi^{*}(a/\delta^{\lambda}))+\frac{\varphi^{*}(a/\delta^{\lambda})}{k}\delta^{(2\lambda-}1)k\}\delta k|\log\delta\lambda|$
$( \alpha=k, \delta<\min\{a^{-1/\lambda 1/\lambda}, e^{-}\})$ ;
$\omega_{k}(G_{r}(f), \delta)\leq C\{\frac{a^{k-\alpha}}{\alpha-k}(1+\varphi^{*}(a/\delta\lambda))+\frac{\varphi^{*}(a/\delta^{\lambda})}{\alpha}\delta 2\alpha\lambda-k\}\delta k$
$(\alpha>k, \delta<a-1/\lambda)$ .
, C $\delta,$ $\lambda$ .
3 ([16; Corollary 2]) $\alpha>0,$ $f\in x,$ $r\in \mathrm{N}_{0}$ .
$E_{n}(X;f)=O( \frac{1}{n^{\alpha+r}})$ $(narrow\infty)$
, $f$ $D(G_{r})$ , $k\in \mathrm{N}$ ,
$\omega_{k}(G_{r}(f), \delta)=$
$(\deltaarrow+0)$ .
4 $r\in \mathrm{N}_{0},$ $r<\alpha$ , f\in X
$E_{n}(X;f)=o( \frac{1}{n^{\alpha}})$ $(narrow\infty)$









5 $k\in \mathrm{N},$ $\xi$ \mbox{\boldmath $\gamma$} $(0, \infty)$ . $\alpha<k$ ,
$\omega_{k}(G_{r}(f), \delta)\leq c\{\frac{a^{k-\alpha}}{k-\alpha}\frac{\delta^{k}}{\gamma(\delta)}\xi k-\alpha(\delta)$
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$+ \varphi(*a\zeta(\delta))(\frac{a^{k-\alpha}}{k-\alpha}\frac{\delta^{k}}{\gamma(\delta)}\xi 2(k-\alpha)(\delta)+\frac{1}{\alpha}\frac{1}{\xi^{2\alpha}(\delta)\gamma(\delta)})\}\gamma(\delta)$ (5)
$(\mathfrak{c}\iota<\xi(\delta))$ .
, C $\delta,$ $\xi,$ $\gamma$ . (3) , $\alpha=k$ ,
$\omega_{k}(G_{r}(f), \delta)=\mathit{0}[\{(\frac{\delta}{\gamma(\delta)})\frac{\log\xi(\delta)}{|\log(\delta)|}k$
$+ \varphi(*a\xi(\delta))((\frac{\delta}{\gamma(\delta)})k+\frac{1}{k})\}\gamma(k\delta)|\log\gamma(\delta).|]$ $(\deltaarrow+0)$ . (6)
, $\beta,$ $\lambda>0$ , $\alpha<k$ ,
$\omega_{k}(G_{r}(f), \delta)\leq C\{\frac{a^{k-\alpha}}{k-\alpha}\delta l\text{ }+(\frac{a^{k-\alpha}}{k_{\wedge}-\alpha}\delta\rho+\frac{1}{\alpha}\delta 2\alpha\lambda-\beta)\varphi(*/\delta a\rangle\lambda\}\delta\beta$
$(0<\delta<a-1/\lambda)$ .
,
$l\text{ }=(\alpha-k)\lambda+k-\beta$ , $p=2(\alpha-k)\lambda+k-\beta$ ,
, C $\beta,$ $\delta,$ $\lambda$ . $\mu>0,$ $\alpha=k$ ,
$\omega_{k}(c_{r}(\int), \delta)=o\{(\frac{\log|\mu\log\delta|}{\lambda|\log\delta|}+\varphi^{*}(a\mu|\log\delta|)(1+\frac{\delta^{(\lambda-1})k}{k}))\lambda\delta k|\log\delta|\}$
$(\deltaarrow+0)$ .
$\alpha<k$ , 4 ,
$\omega_{k}(G_{r}(f), \delta\rangle\leq C(\frac{a^{k-\alpha}}{k-\alpha}(bk-\alpha+\varphi(*ab)b2(k-\alpha))\delta^{k}+\frac{\varphi^{*}(ab)}{\alpha b^{2\alpha}})$
$(a<b, \delta>0)$ .




5 $\alpha>0,$ $f\in x,$ $r\in \mathrm{N}_{0}$ .
$E_{n} \mathrm{i}(X;f\cdot)=o(\frac{1}{n^{\alpha+r}})$ $(narrow\infty)$
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6 $r\in \mathrm{N}_{0},$ $r<\alpha$ , $f\in X$
$E_{n}(X;f \rangle=o(\frac{1}{n^{\alpha}})$ $(7larrow\infty)$






. [14] [15] :
$(\omega-5)$ $G_{k}(g)=0$ $(\forall k\in \mathrm{N}, g\in M_{0})$ .
$(\omega-6)$ $\omega_{k}(f,$ $\delta\rangle=\omega_{k}(f+.q, \delta)$ $(\forall k\in \mathrm{N}, \delta\geq 0, f\in X,g\in M_{0})$ .
, .
4.
$\mathbb{Z}$ , $\{P_{j} : j\in \mathbb{Z}\}$ $B[X]$
:
(P-1) $P_{n}=\delta_{j},{}_{\iota n}P$ $(\forall j, n\in \mathbb{Z})$ . , $\delta_{j,n}$ Kronecker .
(P-2) $\bigcup_{j}{}_{\in \mathbb{Z}j(}Px)$ X .
(P-3) $j\in \mathbb{Z}$ , $(f)=0$ $f=0$ .





. $T\in B[X|$ X ,
$\{\tau_{j} ; i\in \mathbb{Z}\}$ $f\in X$ ,
$T( \int)$ $\sum_{j=-\infty}^{\infty}\tau jPj(f)$
. , :
$T$ $\sum_{j=-\infty}^{\infty}\mathcal{T}jP_{j}$ .
$M[X|$ X . $B[X|$
$I$ . $\{T_{f}, : t\in \mathrm{R}\}$ $M[X|$





. , [10; Proposition 2] , :
1 $\{T_{t} : t\in \mathrm{R}\}$ , $G$
$D(G)$
$G(f)$ $\sum\infty(-ij)P_{j}(f)$ $(\forall f\in D(G))$ .
$j=-\infty$
$k=0,1,2,$ $\cdots$ , $G^{k}$ :
$G^{0}=I$ , $G^{1}.=G$,
$D(G^{k})=\{f : f\in D(G^{k-1}), ck-1(f)\in D(G)\}$,
$G^{k}(f)=G(G^{k-1}(f))$ $(\forall f\in D(G^{k}), k=1,2,3, \ldots)$ .
$k\in \mathrm{N}$ , $D(G^{k})$ $X$ (cf. [1; Propositions
1.1 .4 and 1.1 .6]). , k ,
$G^{k}(P_{j}(g))=(-ij)^{k}’ P_{j}(g)$ $(\forall g\in X,j\in \mathbb{Z}, k\in \mathrm{N})$ (7)




$k\in \mathrm{N}_{0},$ $t\in \mathrm{R}$ ,
$\Delta_{t}^{0}=I$ , $\Delta_{t}^{k}=(T_{t}-I)k=\sum_{m=0}^{k}(-1)^{km}-T_{mt}$ $(\forall k\geq 1)$
. , $\Delta_{f}^{k}$ $M[X]$ ,
$\Delta_{t}^{k}$ $\sum(e^{-ijt}-1)^{k}Pj$ (8)
$j=-\infty$
$||\Delta_{t}^{k}||_{B}[X]\leq B_{k}$ , $B_{k}= \min\{(A+1)^{k}, 2^{k}A\}$
. $k\in \mathrm{N}_{0},$ $f\in X,\delta\geq 0$ ,
$\omega_{k}(X;f, \delta)=\sup\{||\Delta_{t}^{k}(f)||x : |t|\leq\delta\}$
, $\{T_{t}\}$ f k .
([12; Lemma 1]):
2 $k\in \mathrm{N},$ $f\in X$ . , :
(a) $\omega_{k}(X;f, \delta)\cdot\leq B_{k}||f||X$ $(\forall\delta\geq 0)$ .
(b) $\omega_{k}(X;f, \cdot)$ $[0, \infty)$ , $\omega_{k}(X;f, 0)=0$ .




(d) $\omega_{k}(X;f,$ $\xi\delta\rangle\leq A(1+\xi\rangle^{k}\omega_{k(;f,\delta)}x (\forall\xi, \delta\geq 0)$ .
($\mathrm{e}\rangle 0<\delta\leq\xi$ ,
$\omega_{k}(X;\int, \xi)/\xi^{k}\leq 2^{k}A\omega k(X;\int, \delta)/\delta^{k}$.
(f) $f\in D(Gk.)$ ,
$\omega_{k+r}(X;f, \delta)\leq A\delta^{k}\omega_{r}(X;f, \delta)$ $(\forall r\in \mathrm{N}_{0}, \delta\geq 0)$ .
,
$\omega_{k}(X;f, \delta)\leq A\delta^{k}||G^{k}(f)||X$ $(\forall\delta\geq 0)$ .
(g) \mbox{\boldmath $\delta$}\geq 0 , $\omega_{k}(x;\cdot, \delta)$ $x$ .
$n\in \mathrm{N}0$ , $M_{n}$ $\{P_{j}(X):|j|\leq n\}$
. , Bernstein [13; Lemma 5] $)$ :
8 $n\in \mathrm{N}_{0},$ $k\in \mathrm{N}$ . ,
$||c_{\mathrm{J}}^{k}(f)||_{X} \leq(2nB)^{k}||\int||x$ $(\forall f\in M_{7l})$
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, ,
$B= \sup\{||\tau_{t}||_{B}[x] : |t|\leq\pi\}$ .
, $X$ $\{M_{n} : n\in \mathrm{N}\}$ (M-1) , (P-2)
(M-2) .
$G_{k}=G^{k}$ $(\forall k\in \mathrm{N}_{0})$ , $\omega_{k}(f, \delta)=\omega_{k}(X;f, \delta)$ $(\forall f\in X, k\in \mathrm{N}_{0}, \delta\geq 0)$
. , (7) 3 , $A_{k}=(.2B)^{k}$ , (.G-1) (G-2)
. , 2 , $(\omega-1)\sim(\omega-4)$ .
, $(\omega-5)$ $(\omega-6)$ (7) (8) .
, (cf. $[12|,$ $[13|$ ).
, $X$ Banach ( , C2\mbox{\boldmath $\pi$} $L_{2\pi}^{\mathrm{p}}$ $(1\leq p<\infty)$





$\int^{\wedge}(j)=\frac{1}{2\pi}\int_{-\pi}^{\pi}\int(t)e-ijt_{dt}$ $(\forall j\in \mathbb{Z})$
f j Fourier . , $\{T_{t} : t\in \mathrm{R}\}$
$T_{t}( \int)(\cdot)=f(\cdot-t)$ $(f\in X)$
. , $n\in \mathrm{N}_{0}$ , $M_{n}=\mathfrak{T}_{n}$ ,
$\Delta_{t}^{k}.(\int)(\cdot)=\sum_{m.=0}(-1)^{km}k-f(\cdot-mt)$ $\sum_{j=-\infty}^{\infty}(e^{-}-ijt1)^{k}\hat{f}(j)e^{i}j$
.
$(\forall f\in X, k\in \mathrm{N}_{0}, t\in \mathrm{R})$ .
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